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Abstract 

Quantum nonlocal correlation (QNC) is thought to be more general than quan- 
tum entanglement correlation, but the strength of it has not been well defined. 
We propose a way to measure the strength of QNC basing on the characteristic 
function. The characteristic function of QNC in a composite system is defined as a 
response function under the local quantum measurement. It is explored that once 
a characteristic function is given, the state of a composite system, with just a local 
trace-preserving quantum operation uncertainty, will be determined. We show that 
the strength of QNC basing on the characteristic function is a half-positive-definite 
function and does not change under any LU operation. For a two-partite pure state, 
the strength of QNC is equivalent to the quantum entanglement. Generally, we give 
a new definition for quantum entanglement using the strength function. Further- 
more, we also give a separability-criterion for 2 x m-dimensional mixed real matrix. 
This letter proposes an alternate way for QNC further research. 
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One of the most subtle phenomena in quantum theory is quantum nonlocal 
correlation (QNC). Although a large amount of research on QNC has been 
done, it has mainly arisen from the view that nonlocality cannot be described 
by any local hidden variable theory (LHV). Based on this, some new con- 
cepts have been proposed, such as Bell nonlocalityp], quantum entanglement 
[2EG], Schrodinger's steerability [31l^1fT1l5] and so on, which are all defined by 
different forms of the local joint quantum measurement (LJQM) probability 
P(a, b\A, B; W) [7f8] . However, the question about what is the QNC is still 
far from being solved. Till now, although much attention is paid on the infor- 
mation perspective, the physical aspect of the QNC is also worth studying. 

Recently, some other researchers have paid attention to other unorthodox 
methods and put forward that nonlocality can be more general [9]llO|llipi2|fT3] . 
For example, Bandyopadhyay present that the nonlocality can be redefined by 
local indistinguishability of a set of orthogonal quantum states, and show that 
more nonlocality may be with less purity [12]. Luo and Fu point out that the 
measurement can induce the nonlocality nonlocality [13] . These works all try 
to find a new way to study quantum nonlocality and inspirit the motivation 
to reinspect the physical action played in the QNC. 

In this Letter, we will further study the quantum nonlocal correlation. We 
regard the QNC as one sort of elements in the state of a composite system, 
of which the other element is the set of subsystems. We think the QNC in 
every special composite system has its own character to be distinguished from 
others. We express the relation between QNC and the state of a composite 
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system with the mathematical language as follows, 



B : pabc- -> {{pA, Pb, Pc, ■ ■ •}, {QNCs}}. 



(1) 



The function B is a bijection and every composite state is mapped into the set 
of subsystems and the QNC between them. Our task is to find a mathematical 
expression to describe the QNC 



We call the function F that maps the abstract physical quantity QNC to a 
mathematica quantity as a characteristic function of QNC. This is because, 
just like a special fingerprint corresponds a special man, a special function 
F corresponds a special composite state once the its sub-states are fixed on. 
Therefore, we can use it to analysis QNC just like using density matrix to anal- 
ysis the state of system. Additionallytheoretically speaking, we can redefine 
the concepts Bell nonlocality, quantum entanglement, Schrodinger's steerabil- 
ity and so on basing on the characteristic function. In fact, in the following 
text, we find a new formulation of quantum entanglement. 

Before expatiating on the characteristic function, we will introduce some intuitive- 
right but unobvious conclusions first. An unlimited quantum measurement is 
defined as a physical process in which the projection operator can be arbi- 
trarily chosen and the number of copies of the unknown state measured is 
sufficient. Considering a general situation, an arbitrary projection operator in 
a finite n Hilbert space is expressed as M(6, \f r ) = \ip(Q, \&)|, where 

and $ are the sets of variables {ipk} and {9k}. \^>(Q, $)) is a pure state in n- 
dimensional space, |t/>(0, ^)) = Y%=i a k\k), where = Tlf^i sin(^) cos{6 k )e 1( ^ 1 



B' : Pabc - ->■ {{pA, Pb, Pc, • • }, F QNC }. 



(2) 
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when k < n and a n = nitTi 1 sin(^). Under the unlimited quantum measure- 
ment, any unknown state p can be distinguished out and this is shown in the 
following lemma. 

lemma 1 If p\, P2 are density matrixes andM(0,&) is the projection opera- 
tor in a finite n- dimensional Hilbert space, we say pi = P2 when Tr(M(B, $)pi) = 
Tr(M(6,$)p 2 ) forWi G (0, tt) and G (0,2vr). 

Proof 1 It is known any n x n density matrix p x can be decomposed in an 
orthonormal basis Tffl of traceless generators of group SU(n) J77|J75) / 

i n 2 -l 

p, = -(i+E^ } ri fe) ), (3) 

where r x k ^ = Tr(p x r^^) and generators have the property o/Tr(r^r^) = 
n5ij. The n 2 — 1 real parameters rj® will uniquely determine a density matrix 
p x . Therefore, we can use vector r x = (r^, r x 2 \ . . . , r^™ 2-1 )) to represent the 
density matrix. The length of vector \r\ = y/n — 1. 

According to Eq. (T3|) ; when n = 2, p\ and p 2 can be replaced with vectors r\ 
and r 2 in the Bloch-Sphere and M with Tm{0, <ft) on the surface of the Bloch- 
Sphere. Consequently, Tr(Mpx) = Tr(Mp 2 ) means that Vm {6, 4>)-{fi—r 2 ) = 0. 
The last equation holds iff r\ — r 2 = , namely p\ = p 2 . 

For n > 2, we can always reduce it to n(n — l)/2 2-dimensional subsystems 
and proof any corresponding subsystems equal. To detail this process, we define 
an operation V(i,j) ntm = o~ n , m {b~ n ,i + 8n,j) first. It is known that 

R s {i,j) = V{i,j)RV{i,tf (4) 
satisfies R^j = (R s (i, where R is an n x n matrix. Moreover, M s (i,j) = 
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V(i,j)MV(i,jy is an equivalent 2 -dimensional projection operator and can 
be realized by setting some variables (pk and 9^ to zero. Tr(M s (i,j)pi) = 
Tr(M s (iJ)p 2 ) for every i and j, namely V(i, j)p 1 V(i, j^ = V(i, j)p 2 V(i, j) 1 " . 
Therefore p\ = p 2 . 

This theorem is very important in this letter to get the characteristic function. 
It is shows us that any states, mixed or pure, can be distinguished by unlimited 
quantum measurements. It is ant i- intuit ion because the general opinion is that 
n 2 — 1 parameters are needed to fix on an arbitrary n x n density matrix, 
but we show here that quantum measurements with 2n — 1 parameters are 
just enough. Following this, we will give a corollary about the local quantum 
measurement. It will be shown that unlimit local quantum measurement can 
also explore the whole information of the composite system. 

Corollary 1 If Pab, Pab are density matrixes in n a® n B - dimensional Hilbert 
space and Ma(Q, is the projection operator of system A, we say pab = Pab 
when Tr A (M j4 (0,$)p 1 ) = Tr A (M(0, $)p 2 ) for G (0,vr) andVfa G (0,2tt). 

Proof 2 For a composite system Ha ®7-Lb, the orthonormal basis {T k AB \ = 
{T A ® T B }; n B ■ i + j = 1, 2, . . . , n A n B . For convenience, = 1 here. There- 
fore, it is shown that 

M a ®Ib = h 2^ r M T A ® Ib] 

A® lB , (j,k) r (j) _ -p(fc) /_x 

PAB = + X. r AB T A ® F B (5) 

n AU B j+k=1 

It is noted that only these terms r^T^ remain when a partial trace is done 
under the system A, and then we take the form 

Tta(MaPab) - Tta{Map'ab) 
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= E*VAri&r<*\ (6) 

k 

where, r' M = (1,Vm)- Therefore, it is gotten thatr' M -Ar^ B = z/Tt^Mapab)- 
^(M^p^) = 0. According to the Lemma 1, Ar^s = ; namely Pab = Pab- 

Let us return to the study of QNC. A local quantum measurement is under 
a subsystem pA of a composite system pab spanning in the fiiXiig Hilbert 
space. After a local quantum measurement, subsystem pa will collapse into 
&))a, and pb will correspondingly change into 

m = Tta(MaPab) (7) 
PB Tt(MaPab) ' 

Pb is a functional of Ma- Considering the projection operator has a minimal 
variety M A — > M + 5M A (which just like the stimulation input), the sub-state 
Pb will correspondingly change into p^f — > p^ + o~Pb (which is the response 
output). Therefore, we define the following equation about the ratio of change 
Sp^/SM 

i (c>,W; Pabia^b = / eo. H - e^.. (8) 

1 ' t^Tr(\5*M A \) 1 Tr(|^M A |) ** K) 

According to Eq. (3), we get that Tr(|p x — p 2 |) = \t\ — r 2 |, therefore the 
equation above can be rewritten as 

n-l \x6i r M\ n-1 \X<j> lr M\ 

F(0, *; P ab)a^b = E f^rk + E ( 9 ) 
i=1 \o^r M \ |-[ |o^t*m| 

where 5 X / = (df/dx)Sx. Fa^-b is a vector in 2n — 1-dimensional space. It 
forms a surface in this spaces when $, and 6 each change from to 20. We 
call F a ^b the characteristic function of QNC in p A B because it is defined 
totally by the character of QNC. Every special QNC corresponds to a unique 
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characteristic function. This character of Fa^b can be clearly seen in the 
following theorem. 

Theorem 1 Any two density matrixes, p^ AB and p AB with the same charac- 
teristic function Fa^b can be transformed into each other by a local unitary 
transformation under system B, namely, p AB = (I a <S> U b ^)pab(Ia <8> . 

The proof of the corollary is not complication when one notes that Tr(\(Sp B )^\) = 
Tr(|(<Jpf )tf>|), which is equivalent to (pf )« = U [ B ]) (p^\U B ij) )\ if p% and 
Pab have a same characteristic function. Basing on the conclusion of corollary 
1, we get the theorem above. 

The definition of F b ^a is analogous with the Fa^-b and will not be re- 
peated again. Both Fb^a and Fa-^b can act as the characteristic function 
in a composite state. According to this theorem, we can also conclude that 
\F(Q,^;p' AB ) A ^ B \ = |F(0', pab)a->b\ if Pab = U A ® U b PabU a ®U b , where 
U A M(e, tf)E/J = M{&, *')■ This is because pf = Tr A (M> AB ), where M' A = 
U\M a U A - Moreover, Tr(|5M^|) = Tr(\5M A \) because 5M' A = U(5Q - 5S)W 
( SQ and 5 S are infinitesimal positive operators with orthogonal support). 
Hence Tr(\5M' A \) = 2Tr(5Q) = Tr (\5M A \). 

Let us show examples, for a pure qubit system, \i/))ab — cosa|0, 0)+sinaexp(i7)|l, 1), 
the characteristic function can be expressed as 

vfa a \ i\ \ 2| sin2a|(e e + e^) 

F(6, 0; ab)a-¥B = — TUT* TT — v 10 

2 + cos 2(9 — a) + cos 2(9 + a) 

To show that local transformation cannot change the shape of |F|, we let 
Was = Ua\4>)ab, where U A \0) = V3/2\0) + 1/2|1), and U A \1) = ->/3/2|l) + 
1/2|0). We show the pictures of the characteristic function of the state \iJ))ab 
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Fig. 1. The absolute value of the characteristic function in Bloch Sphere. The picture 
A shows the shape of |F(0, <f>; \iP)ab)a-*b\ and the picture B explores the shape of 
\F(9,4>; \iP)' ab )a^b\- We choose a = tt/3 here. 

and \i])) AB in the Bloch sphere. As can be seen in Fig. 1, these characteristic 
functions can be transformed into each other through a rotation. 

According to this character, we definite a physical quantity that is independent 
with the form of unlimited quantum measurement as: 

G( P ab)a-+b = / \F A ^ B \Tr(p A M A )d R 2n-2Q, (11) 
n 

where 6.^-2 fl is 

71-1 

d R2n - 2 n = J] sin(^) n ~ i_1 d^d^. (12) 
i=i 

For a two-particle pure state, it can be proven that G(pab)a^b = G(pab) b^a, 
but for an arbitrary state, these two terms are not necessarily equal each other. 
Hence we define the strength of QNC as the average value of these two terms: 

G(pab) = ^(G(pab)a^b + G(pab)b^a)- (13) 

Theorem 2 These density matrixes which can be transformed each other by 
local operation have the same nonlocal strength. Namely, G(pab) = G(Ua <S> 
UbPabU a ®U b ). 
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Theorem 2 is obvious because according to the analysis above |F(G,\I/)'| = 
|F(0', ^')| and the integrating range of Eq. (TTTI) is SU(2n — 2) by symmetry. 

In terms of the definition of Eq. (13), some separable states, such as pab = 
1/2(| 00) (00 1 + |11)(11|) have a nonlocal correlation although without entan- 
glement (In fact, G(pab) = 1/2 here). It can be also seen that G(pab) is 
not monotonic under LOCC, but it is monotonic under local trace-preserving 
quantum operation. 

lemma 2 Suppose e p is a partial local trace-preserving quantum operation and 
let p be a density operator. Then 



^p(Pab) = Y J iKU A ®lBpABU\®I B ande^(pAB) = Ya)*Ia®UbPabIa®Ub- 

To prove this lemma, we should use the previous conclusion D(p, a) > D(e(p),e(a)), 
where D(p,a) is the trace distance[16j. Basing on this lemma, we will get a 
more important conclusion as follows. 

Corollary 2 Suppose pab = J2i IiP^ab ^ s a P ure state decomposition of pab 



and pis = T,iJiPA ® Pb , where pY = Ttb(Pab) and Pb = T^a{Pab)- Then, 



The mark 7® here is just an illustration of a direct product decomposition of 
Pab and we call p A B the productization of pab for concision. It is not difficult 
to understand this corollary because the pab contains more information than 
Pab- We can obtains pj^ from p A s but not the reverse. Then, we define a 



G(pab) > G(e x p (pab)). 



(14) 



G(pab) > G(pi|). 



(15) 
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half-positive-definite quantity 



E(p AB ) = Cmf{j : G(p AB ) - G(pi|)} 



(16) 



where 7 = {7,, p AB } is a symbol of the set of productization. We can determine 
if pab is separable, E(pab) = and else E(pab) > 0. 

Let us look at a special example. The nonlocal correlation strength of a pure 
qubit state |t/>)ab = cosa|0, 0)+sinaexp(i7)|l, 1) is G{\ip)) = | sin2a|. Hence, 
the maximum of strength of QNC appears where the maximum of entangle- 
ment appears. This is not surprising because for an arbitrary two-partite pure 
state, the form of the productization is determined, equaling to zero. There- 
fore E{\iPab)) = G(\iPab)), namely the strength of QNC can be used as the 
measurement form of quantum entanglement in two-partite pure state. 

For a totally mixed state pab = 1/2(|V'+)(V ; +I + IV'-KV'-Dj where \ip + ) and 
are the Bell states, We get 



Therefore, G(pab) = PAB an d the entanglement E(pab) = 0. 

We should note that Eq. ( fT6l) is usually hard to calculated because we still 
have not an efficient way to find out the supremum of G(p\( B ) for a general 
state pab- However, it does not mean this definition is useless. Historically, 
the entanglement of formation had been also hard to calculated initially until 
the concurrence was proposed. Eq. (fl6l) supports an alternate way to research 
the quantum entanglement and its values needed further studied. In fact, it is 
different from previous theories, it is the formulation of the function integral 



p£ = 1/2(|00)(00| + |11)(11|). 



(17) 
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and clearly shows the relationship between QNC and quantum entanglement. 

The reason why we take the Eq. (j2j) is that we are inspired by the words 
of Schrodinger. In terms of Schrodinger's words, in a composite correlated 
state, a subsystem will be steered or piloted into one or the other type of 
state if a local quantum measurement is done on the other subsystem [TTj. We 
think this "steering" can be seen as the corresponding change of one sub-state 
when other one be locally measured. It is namely the trace of rff. In fact, 
the trace of r|f will form a surface in a (n 2 B — l)-dimensional space when the 
projection operator M(6, $) ranges though the parameter-space 9| = {[0, tt]}, 
$ = {0,27r}. Studying the surface of r^f can result in some new conclusions. 
For example, consider a n^®2 composite separate state pab = J2T a iPA ®Pb 
and with (^aI^a) = r B w ^ form a m-polyhedron in the Bloch sphere. 
This is very interesting, because for an inseparable state, r|f is usually smooth. 
In fact, the converse result is also correct under this situation. Namely, if r B 
forms a m-polyhedron, the pab must be expressed by the formula above (To 
get this conclusion we should use corollary 1). Additionally, a more general 
conclusion is shown as follows. 

Theorem 3 The sufficient and necessary condition for the 2 <g> % compos- 
ite state pab to be decomposed into pab = J2i a iP % A ® Pb> where p\ is real 
density matrix, is that the main normal line of Tr(pAM)r B is constant in 
ub -dimensional space. 

Proof 3 Let r b = Tr(p A M)rf = ^ k a k X k r^\ where \ k = Tr(|^><^|M). 
If Pab = Hi a iP % A® Pb> can be expressed as 

A fc = cos(fl - a k A f + sin 26 sin 2a k A sin(y?/2 - y^/2) 2 . (18) 
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Fig. 2. The surfaces of r A J . We show the r% of p AB = TT a iPA ® 
forms the m-polyhedron in the Bloch sphere. In this figure, \tp^ ') = \z)a and 
I^b) = cos(iir/m)\0) b + sm(iir/m)\l)B- m are chosen as 4,8,12 and 20 in the 
picture A, B, C and D respectively. 

Moreover, p A is real, ip\ = 0, hence 



where \\ r \\ means the normalization of r. r B is independent of 6 and <f>, 
therefore || r e b x rf \\= cons. Namely, the direction of the main normal line 
does not change with the variables and 9. Conversely, if the main normal 



when di and ctj are appropriately chosen. Therefore, can be determined, 
consequently, according to corollary 1, pab is a separable state. 




(19) 



line r n is constant, it can be rewritten as r 



n 
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1 Discussion and conclusion 

In this above work, we calculate the characteristic function and the strength of 
QNC. We regard the characteristic function as a corresponding function and 
through the trace distance, differential theory is brought into QNC research. 
It supports an alternate way to analysis and categorize the QNC. In fact, as a 
special sort of QNC, quantum entanglement is defined and shown in Eq. (16). 
This definition is shown a more definite and clear relationship between the 
quantum entanglement and QNC. We also show a way to distinguish whether 
a real mixed composite density matrix is separable or not. 

However, it should be reminded that the monotonic character of our new 
definition of quantum entanglement under LOCC has not rigorously proven 
yet although we have done some computation to show that it is correct. The 
productization density matrix pj® is brought into this Letter. It seems that 
the supremum of it only possesses the "local" correlation of pab- It is can 
be seen that the definition E s (p AB ) = inf{7 : S(pJ^) — S(pab)}, is also a 
possible entanglement measurement definition, where S(pab) is the Shannon 
entropy of pab here. This work was supported by the National Basic Research 
Program of China (973 Program) grant No. G2009CB929300. 
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